LONG TIME BEHAVIOUR FOR A CLASS 
OF LOW-REGULARITY SOLUTIONS 
OF THE CAMASSA-HOLM EQUATION 



Luen-Chau Li 

ABSTRACT. In this paper, we investigate the long time behaviour for a class of low- 
regularity solutions of the Camasssa-Holm equation given by the superposition of 
infinitely many interacting traveling waves with corners at their peaks. 

1. Introduction. 

The Camassa-Holm (CH) equation 

Uf + 2ku x — u xx t + 2>uu x = 2u x u xx + uu xxx (1-1) 

was derived in [CH] as a model of long waves in shallow water. Since then, it 
has received considerable attention. In this work, we will be concerned with the 
non-dispersive case on the line, corresponding to k = 0, that is, 

ut - Uxxt + 3uu x = 2u x u xx + uu xxx , (1.2) 

and so from now on, we will refer to (1.2) as the CH equation. It is a fundamental 
discovery of Camassa and Holm that (1.2) admits weak solutions, of the form 

u{x,t) = ce-\ x - ct] (1.3) 

for any nonzero constant c. Clearly, any such solution is a traveling wave with 
a corner at its crest or trough, depending on the sign of c. In [CH], apparently 
motivated by such traveling wave solutions, the authors proposed an even more 
general class of weak solutions of (1.2), namely, 

1 N 

u(x,t) = -Y,e- lx - qj{t}l PM (1-4) 
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where N is a positive integer. Clearly, when N > 1, this ansatz represents the 
superposition of N interacting (peak-shaped) waves (called peakons if pj (t) > 0, 
antipeakons if Pj(t) < 0) in which case the p/s are no longer constants and the 
(Tj's are no longer linear in t. Indeed, the location of the peaks and their signed 
amplitudes are now governed by the ordinary differential equations [CHH]: 

N 



(1.5) 



k=i 
l N 

Pi = 2 Pj X sgn ( q i ~ qk "> e l " j qklpk > 3 = 1 ' ' ' ' ' N 

k=l 

which are the Hamiltonian equations of motion generated by 

1 N 

For N = 2, the equations in (1.5) were integrated explicitly and the long time 
behaviour was worked out in [CHH]. For N > 2, the explicit integration of (1.5) in 
the sector where qi < ■ ■ ■ < qjy was obtained by Beals, Sattinger and Szmigielski 
[BSS] using the inverse scattering method and a theorem of Stieltjes on continued 
fractions [S] . Furthermore, by making use of the explicit formulas for the qj 's and 
Pj's, these authors were able to analyze in detail the long time asymptotics of (1.5). 

In this work, we will consider a class of weak solutions of (1.2) obtained by 
generalizing the ansatz in (1.4), namely, we take 

1 oo 

u(x,t) = -J2e- lx - qi(t)l Pj(t), (1-7) 

with Pj(t) > for all j £ N and such that Pj(t) — > sufficiently fast as j — > oo. More 
precisely, we take q(t) = (qi{t), q 2 (t), ■ ■ ■ ) G /+, p{t) = (p 1 (t),p 2 {t), • • • ) G l^ 2 , 
where i+ and lf 2 are defined in (3.3). Thus the equations of motion for (q(t),p(t)) 
are given by 

1 oo 

Qj=2J2 e ~ kj ~ qkl P^ 

1 ^oo (1-8) 

Pj = -jPj X s 9 n (lj ~ qk)e~ lQ:i ~ qkl Pk, j € N. 
fe=i 

Our main goal in this work is to investigate the long time behaviour for this class 
of solutions in the two sectors 

S- = {(q,p) G i+ lf, 2 I Qi < 1i < ■ ■ ■ ,Pj > o for a11 j}, (1-9) 
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and 

S + = {{q,p) e /+ © Z+ 2 | qi > q 2 > ■ ■ ■ ,Pj > for all j}. (1.10) 

Once this is achieved, the adaptation of our analysis to other sectors defined by a 
restricted class of permutations of N is straightforward. As the reader will see, our 
approach to this problem is based on the connection of (1.8) in the sectors S± to 
the (±) Toda flow on some rather special Hilbert-Schmidt operators in /J whose 
kernels are parametrized by the q^s and the p/s. 

The paper is organized as follows. In Section 2, we begin by introducing the 
Toda flows on Hilbert-Schmidt operators in using the r-matrix approach, then 
we discuss the associated Hilbert Lie groups and the factorization method to solve 
the so-called (±) Toda flow. We also quote from [DLT1] a preliminary result on 
the long time behaviour of the (±) Toda flow which is the point of departure 
for this work. This section concludes with a study of the coadjoint orbits which 
are relevant in our studies. In Section 3, we introduce the class of low-regularity 
solutions of the CH equation which we mentioned above and we establish the global 
existence of solutions of (1.8) in the sectors S±. Then we make the connection 
with the (±) Toda flow and we study the spectral properties of the Lax operators 
which are basic in our subsequent analysis. In Section 4, we study the long time 
behaviour of (1.7) and (1.8) in the sector S-. Here the main difficulty is in showing 
that the peaked waves separate out, i.e., lim^oo \qj(t) — qk(t)\ = oo for j ^ k. 
Technically, this is due to the fact that the (positive) eigenvalues of the Lax operator 
L(t) = L(q(t),p(t)) accumulate at 0, which is in the essential spectrum of L(t). 
The fact that is at the bottom of the spectrum is also responsible for the result 
that lim^oo pj (t) = for all j £ N. Finally, we remark that although qj(t) still 
approaches oo as t — > oo, however, we only have qj(t) = o(t) in the present case. 
Thus the long time behaviour of (1.7) in the sector S- is quite different from the 
analogous one in [BSS] for the multipeakon solutions in (1.4). In Section 5, the 
final section, we first analyze the long time behaviour in the sector <S+. Here our 
main tool consists of the induced derivations of the Lax operator, which are acting 
on the k-th exterior powers A*^, k > 1. Note that this has been also used in 
[DLT1], but in our context we can express all the relevant quantities explicitly 
in terms of eigenvalues and eigenvectors. An interesting feature here is that the 
long time behaviour of the (+) Toda flow L(q(t),p(t)) has the sorting property, 
as in the case of the Toda flow on iV x N Jacobi matrices [Mo]. In particular, 
if < • • • < A3 < A2 < Ai are the (simple) eigenvalues of L(q(0),p(0)), this 
means that lim^oo pj (t) = 2Xj for all j G N. In this case, the scattering behaviour 
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follows easily and we can show that qj(t) ~ Xjt as t — > oo. Finally, motivated by a 
convincing but heuristic discussion in [M], we end the paper by showing how our 
preceding analysis can be adapted to other sectors of the phase space defined by a 
restricted class of permutations of N. 



2. Toda flows on Hilbert-Schmidt operators and orbits of semiseparable 
operators. 

Let 7i be the Hilbert space l 2 consisting of sequences u = (ui,u 2 , ■ ■ ■ ) of real 
numbers which satisfy ||u|| = (X^o u i)^ < 00 ■ ^ n * ms sec tion, we begin by intro- 
ducing a class of isospectral flows on the space g of Hilbert-Schmidt operators on TL 
which is in some sense a natural generalization of the Toda flows on n x n matrices 
[DLT2]. Then we will study some of the basic properties of these flows which are 
relevant in our study of the Camassa-Holm equation. 

Throughout the paper, let B{7i) be the space of bounded operators on Ti. If 
A G B(H), we shall denote its transpose by A T , we shall also write A = (Aij)°° =1 
if and only if 

00 

(Au)j = y^ AjjUj, i>l, uel£. (2.1) 

i=l 

Thus (Aij)fj =1 is the matrix representation of A with respect to the canonical 

basis ei, e2, ■ ■ ■ of /J. With this notation, we have the following basic fact, namely, 

1 

A e g if and only if the Hilbert-Schmidt norm ||A|| 2 = (^°° =1 Af^ 2 < 00. Hence 
A e Q implies A T is also in g. 

We start with the following proposition which is an easy consequence of the 
closure of g under the operations of addition, subtraction, and composition in B(H). 

Proposition 2.1. q is a Hilbert Lie algebra with Lie bracket [■,■] defined by 

[A, B] = AB - BA (2.2) 

and the inner product on g is the usual Hilbert-Schmidt inner product (-,-)2> i-e-, 

(A,B) 2 =tr(A T B) 

-Tab ^ 

Moreover, g is equipped with the non- degenerate ad-invariant pairing 



00 

E 



(A,B)= V AijBji. (2.4) 
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The Hilbert Lie algebra q has two distinguished Lie subalgebras [ and where 
[ consists of lower triangular operators A 6 5, i.e., 

Aij = for i < j (2.5) 

and 6 consists of operators B £ q for which 

B T = -B. (2.6) 

We will call [ the lower triangular subalgebra of g and 6 the skew- symmetric subal- 
gebra. Our next result is obvious. (See also (2.10) below.) 

Proposition 2.2. We have 

= [0 t 

Let II[ and lit be the projection operators onto [ and 6 respectively associated 
with the splitting g = 1 t Then [STS] 

R = lb - n t (2.7) 

is a classical r-matrix on g satisfying the modified Yang-Baxter equation (mYBE) 

[R(A),R(B)} - R([R(A),B] + [A,R(B)]) = — [A, B] (2.8) 

for all A, B G q. Consequently, the formula 

[A,B] R = ±([R(A),B] + [A,R(B)]), A,Bgq (2.9) 

defines a second Lie bracket on q and we shall denote the associated Lie algebra by 
Qr. Note that explicitly, we have 

U t A = A + -Al, 

2.10 

IIiA = A_ + A + A T + 

where for A = (A^ )fj = i G 0, the operators A + , A_ and A are defined respectively 
by the strict upper triangular part, the strict lower triangular part and the diagonal 
part of (Aij)fj =1 . In what follows, we will compute the dual maps of all linear 
operators on 5 with respect to the pairing (-, •) in (2.4). 
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Proposition 2.3. If L £ g, then 

u;l = L_-Li 

U\L = L+ + L G + L T + . 



Proof. For all L, A G g, we have the obvious relation (L,A + ) = (L_,A + ) = 
(L_,A). Similarly, (L,A^_) = (L + ,A^_) = {L\,A). Hence the formula for II* 
follows. The formula for II* is now obtained from II* + II* = 1. 

□ 

We will equip g* R — g with the Lie-Poisson structure 

{ Fx, F 2 } R (L) = (L, [dF, (L), dF 2 (L)] R ) (2.12) 

where F u F 2 G C 00 ^^), and dF^L) G g is defined by the formula j- t \ t=f) Fi{L + 
W) = {dFi(L),L'), i = 1,2. 

The following result is a consequence of standard classical r-matrix theory. (See 
[STS] and [RSTS] for the general theory.) 

Proposition 2.4. (a) The Hamiltonian equations of motion generated by F G 
C°°(Qr) i s 9iven by 

L = l -[R(dF{L)),L\ - l -R*[L,dF{L)\. (2.13) 

In particular, for the Hamiltonian Hj(L) = 2 (J+i) tr(Is' +1 ) ) j = 1,2, . . . , the cor- 
responding equation is the Lax equation 

L = \[L, Ii t V}. (2.14) 

(b) The family of functions Hj(L), j = 1,2,... Poisson commute with respect to 
{;-}r. 

Let 

p = {L£g\L = L T }. (2.15) 

Corollary 2.5. (a) p is a Poisson submanifold of (g* R , {■ , •} r) . Hence eqn. (2.14) 
with L G p is Hamiltonian with respect to the induced Poisson structure on p. 

Usage. The flows defined by (2.14) will be called collectively the (— ) Toda flows. 
On the other hand, the (— ) Toda flow will refer to the j = 1 case in (2.14). In 
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this work, we will also consider the (+) Toda flow which is defined by the equation 
L=^[U e L ,L}. 

Our next goal in this section is to show how to solve the (±) Toda flow. In 
order to do so, we have to describe the Lie groups which integrates the Hilbert Lie 
algebras 5, [ and 6. For this purpose, let GL(7i) be the group of invertible operators 
in B(H), and let I 6 GL{H) denote the identity operator. We begin by defining 

G = GL(H)f)(I + Q). (2.16) 

Since q is a 2-sided ideal in B(7i) (see, for example [RSI]), it is clear that if J+ A 6 
G, then (/ + A) -1 6 G. Thus as in [L2], we can show that G is a Hilbert Lie group, 
it is indeed the Hilbert Lie group which integrates q. We will call G the Hilbert- 
Schmidt group. On the other hand, the Lie subgroup of G which corresponds to 
the Lie algebra t is given by 

IC = {keG\kk T = k T k = I}. (2.17) 

In order to introduce the Lie subgroup of G which integrates I, we need some 
preparation. Our next result is a discrete version of Lemma 1, Section 2.7 of [Sm]. 
We can prove it inductively as in [Sm]. For this reason, we will omit its details. 

Lemma 2.6. Let A = (^)^ =1 6 I and u = (u(l),u(2), •■•)£«. // 

u n = A n u, n=l,2,---, (2.18) 

then 

l(n - i)!j 2 vf— ; y 

/or a// j £ N, where 



\k=l 



Proposition 2.7. T/ie sei 

C = {g e I + I \ gu > for all i} (2.21) 

mi/i i/ie induced group operation of G is a Lie subgroup of G which integrates \. 

Proof. It is clear that the group operation of G is closed on C On the other hand, 
if A € I, we can show that the Neumann series X^^Lo( — 1)"-^-" converges. To see 
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this, take a nonzero vector u = (u(l), u(2), • • • ) G H. Then from the inequality in 
(2.19), we have 




\k=l 
n 




(2.22) 



from which we obtain the estimate 



11411" 

|A n || < (2.23) 



The convergence of the Neumann series is now clear from (2.23). Thus / + A is 
invertible with (J + A) -1 = ^2^ =0 (-l) n A n G C. This shows that £ is a subgroup 
of G. As L is clearly a submanifold of G, this completes the proof of the assertion. 
□ 

Our next result is the global version of the direct sum decomposition in Propo- 
sition 2.2. 

Proposition 2.8. Suppose I + A G G, then I + A has a unique factorization 

I + A = b_b~ 1 (2.24) 

where b- G C and b + G K.. 

Proof. The factorization problem in (2.24) is equivalent to (I + A) T = 6+6^, where 
fe_ G C and b + G /C. Now we can certainly obtain a unique orthogonal 6+ G 
GL(TL) and a unique lower triangular b- G GLiTL) with (b-)u > by applying the 
Gram-Schmidt orthogonalization process to the vectors (I+A) T ei, (I+A) T e2, ■ ■ ■ ■ 
To complete the proof, it suffices to show that 6_ G C. To this end, note that 
(i" + A)(I + A) T = b-b 7 ^. Since g is a 2-sided ideal in B(TL) which is closed under 
the operation of taking the transpose, we can rewrite the above relation in the form 

K = b- — {bZ 1 ) 7 (2.25) 



where 



K = ((I + A)(I + A) T - JX&lT G . 



(2.26) 
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Now, from \ \K\\2 < oo and the relation in (2.25), we infer that 

) 2 - - 
(P-) 



E« + E( 6=1 & + E ((6 f\ 2 1)2 < °°- ( 2 - 27 ) 



j<i i<j i=0 



n/i 



But as 



_ ((&_)« -l) 2 (2(ft-)? i + l) (2.28) 
> 0, 



it follows on using (2.28) in (2.27) that 



OO 



as desired. 



ii 6 - - J ii2 = E( 6 -)^ + E« 6 -)- - x ) 2 < °°> ( 2 - 29 ) 

j<i i=l 



□ 



We are now ready to give the solution to the (±) Toda flow. As the proof is 
quite standard, we refer the reader to Theorem 3.2 and Remark 3.3 (b) in [L2]. 
(See [RSTS] for the general theory of the factorization method.) 

Theorem 2.9. Let L G g, and let b-(t) G C, b + {t) € K. be the unique solution of 
the factorization problem 

exp(±UL^=b_{t)b + {t)-\ (2.30) 

Then for all t, 

L(t) = b-\t)L b + (t) = bz\t)L b.(t) (2.31) 
solves the initial value problem 

L = ±^[U t L,L], L(0) = L o . (2.32) 



We next give the first result on the long time behaviour of the (±) Toda flow 
when the initial data Lq £ p. It is in fact just a special case of Proposition 5 in 
Section 2 of [DLT1]. (The proof is a modification of Moser's argument in [Mo].) 
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Proposition 2.10. Let L(t) be the solution of L = ±^[11% L, L ], L(0) = L G p. 
Then L(t) converges strongly to a diagonal operator X ± (cx)) = diag(af ,af , ■ ■ ■) 
with af belonging to the spectrum cr(L ) of Lq ast^oo. 

Remark 2.11 Recall that L(t) converges strongly to /^(oo) as t — > oo means 
\\L(t)u - Z ± (oo)n|| -► for each u £ 7i (see [RSI]). Since H is infinite dimen- 
sional, this notion of convergence is weaker than norm convergence, so in general 
the spectrum of -L^oo) can shrink. (See VIII. 7 of [RSI] for a discussion of such 
matters.) As the reader will see, this is indeed what happens in Section 4 below. 

In the rest of the section, we will describe the symplectic leaves of the Lie-Poisson 
structure {•, -}r which are given by the coadjoint orbits of the infinite dimensional 
Lie group Gr which integrates Qr. In particular, we will consider the coadjoint 
action of Gr on the class p* of semiseparable operators L G Q. By definition, a 
Hilbert-Schmidt operator L = (Ljj)°° =1 £ p* if and only if 

Lij = \ 31 r. (2.33) 
[ UjVi, i > j, 

where u = (ui, u 2 , • • • ), v = (vi, ■ ■ ■ ) are sequences of real numbers, which are 
not necessarily in l 2 . The Lie group Gr can be described in the following way (cf. 
[DLT2]): the underlying manifold is G, but now the group operation is defined by 

g*h = g_hg- + x (2.34) 

where g = g~g+ l is the unique factorization into g- £ C and g+ G /C. Moreover, 
the coadjoint action of Gr on g* R ~ g is given by 

Ad* GR {g~ l )L = U^g-LgZ 1 ) + nUg+Lg^ 1 ) (2.35) 

and the orbits of this action are the symplectic leaves of {•, - }r. 

Proposition 2.12. The class p* C p of Hilbert-Schmidt operators in TL which are 
semiseparable is invariant under Ad G . 

Proof. From (2.35), we have Ad* GR {g)L = U^gZ^g.) for L G p*. If 

HVj, i<j 
ijVi, i > j, 

for some sequences of real numbers u = (ui, u 2 , ■ ■ ■ ) and v = (vi, v 2 , • • • ), a straight- 
forward computation shows that 

(gZ 1 Lg_) ij = (gZ 1 u) i (g T v) j , i < j 



Lij 
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where we have used the fact that g_ is lower triangular. Therefore the assertion 
follows from the formula for II* in (2.11) 

□ 

From this result, it follows that if the initial data L of (2.32) is in p*, then 
L(t) G p* for all t. In the next section, the reader will see that we will be dealing 
with the (±) Toda flow on some rather special semiseparable operators which are 
related to the CH equation. 



3. A class of low-regularity solutions of the Camassa-Holm equation. 

In this section, we will consider a class of weak solutions of the CH equation 

ut - u xxt + 3uu x = 2u x u xx + uu xxx , (3.1) 

of the form 

1 oo 

u{x,t) = -Y j e-\ x -^\p j {tl (3.2) 
j=i 

where pj (t) ^ for all j € N and such that pj (t) — > sufficiently fast as j — > 0. To 
be more precise, we assume (for small values of t) that q(t) = (qi(t), q2(t), ■ ■ ■ ) £ l^, 
while p(t) = (pi(t),p2(t), ■■■)€. lf :2 - Here i+ and Z+ 2 are Banach spaces defined as 
follows: 

l to = U = (,Qi,Q2, • • • ) I IklU = supj \qj\ < oo}, 



°° (3 3) 

l f,2 = {P= (Pl,P2,"-) I 11^111,2 = ^/1^1 <0C}. 

i=i 

Following [BSS], we rewrite the CH equation (3.1) in the form 

m t + (mu) x + rruia; = 0, m = u — u xx . (3-4) 
Then the solution in (3.2) corresponds to the measure 

oo 

m(x,t) = Y,e~ lx ~ qAt)l P j (t)5(x - qj (t)). (3.5) 

j=i 

Therefore, if we mimic the calculation in [BSS], we find that u(x,t) and m(x,t) 
satisfy the equation in (3.4) in a weak sense if and only if 

1 ^oo (3-6) 

Pj = 2 Pj Yl S9n ( q i ~ 1k)e~ lqj ~ Qkl p k , j G N 
k=i 
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where we adopt the convention that sgnO = 0. Note that our assumptions above 
means that we are considering these equations in the Banach space direct sum 
i+ © if 2 i equipped with the norm = IMloo + IM|i,2- Clearly, the signs of 

the pj's are preserved as long as no blowup occurs. In this work, we will focus on 
the case where pj > for all j. Indeed, we will restrict our attention to the two 
sectors 

S- = {(q,p) e 1+ © ^ 2 | qi < q 2 < ■ ■ ■ ,pj > for all j}, (3.7) 

and 

S + = {(q,p) € i+ © lf t2 | qi > q 2 > ■ ■ ■ ,Pj > for all j} (3.8) 

for the most part. At the end of the paper, we will show how to adapt our analysis 
to other sectors which are defined by a restricted class of permutations of N. 

Proposition 3.1. Suppose (q°,p°) € S±. Then the initial value probl 



Lem 



^ oo 

fc=i 



(3.9) 



oo 

Pj = nft E^fe ~ Qk)e~ lqi ~ qkl p k 
fc=i 

j oo 

= ^Pj^Zsgn{k - j)e-^- qk ^p k , 

k=l 

qj(0)=q° j , P j (0)=p° J , J€N 
has a unique global solution in S±. 
Proof. For (q,p) G S±, put 

f(q,p) = (h(q,p),f2(q,p)) (3.10) 

where 



hi^P)= f ljte~ ]qi ~ qkl Pk 



2 



(3.11) 



fo(q,p) = \ \pj^sgn( qj - q k )e ^ q «\p k J 

V ^ J, : 

We first show / : S± — ► © lf 2 - For this purpose (and for later usage), we put 

oo 

IMIi=J>fc, P = (rf=i € lt, 2 , Pk > 0. (3.12) 



fc=i 
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ll/(«,P)ll<^IWIi(l + IWIi,2), (3-13) 

as desired. We next show / is locally Lipschitz. To do this, take (q,p), (q,p) in an 
open ball centered at (q°,p°) which is contained in S±. Then by making use of the 
inequality \e~^ — e~' n \ < |£ — rj\ for £,77 > and the triangle inequalities, we have 

oo oo 

\j2 e ~ lqj ~ qkl Pk -J2 e ~ lqj ~ qkl P k 

k = l k=l 

oo oo 

k=l k=l 



(3.14) 



< E w -Pk\ + ^2 i^ki^' - Qj\ + Wk - Qk\) 

k=l k=l 

oo 

< E \Pk-Pk\ + \\p\h\Qj - Qj\ + HpIIi \\q - q\l 



k=l 

Consequently, 

\\h(q,p) - fi(q,p)\\oo 

1 (3.15) 

<2lb-^|i,2 + P|i|k-g1loc 

On the other hand, by using the fact that sgn(qj — qk) = sgn(qj — qt) = ±sgn(k — j) 
and the estimate in (3.14), we find 

Wf2{q,p) - f2(q,P)\\l,2 

oo oo 



j=i k=i 



^ oo oo 

+ vY,i 2 Y, e ~ lqj ~ qkl PK\P3-pj\ 



(3.16) 



2 

3 = 1 k = l 



<lblli, 2 Qlb-p||i,2 + ||p||i|k-glloo)+^||p||ilb-Plli, 2 . 

Therefore, upon combining (3.15) and (3.16), we obtain 

\\f(q,p) - f(q,p)\\ 

<C(||p||l,2,l|Plll)ll(ff.P)-(«,P)ll- 

Finally, to establish global existence, let us suppose the solution (q(t),p(t)) exists for 
< t < T for some T > 0. We will establish an a priori estimate for 
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To do so, observe that P = Y^jLi Pj(t) is a conserved quantity. Hence the equations 
for qj(t) gives \4j(t)\ < \P from which we obtain the estimate 

||g(t)||oo < lk(o)||oo + ipt. (3.18) 

Similarly, the equations for Pj(t) gives \pj(t)\ < \pj(t)P from which we find Pj(t) < 
Pj(0)e^ pt . Therefore, 

||p(f)||i, 2 <||p(0)||i f2 e*«. (3.19) 
Consequently, on combining (3.18) and (3.19), we conclude that 

ll(5(*),p(t))||<||9(0)||oo + ^+||p(0)||i,2e* rt (3-20) 
for < t < T. This completes the proof. □ 

Our next result relates the equations in (3.6) with (q,p) £ S± to the (±) Toda 
flow and gives the spectral properties of the Lax operator. 

Proposition 3.2. For (q,p) £ S±, define the operator L(q,p) = {Lij(q,p))°^- =1 
on I2 by 

L l3 (q,p) = ^e-^-^^p-pJ, i,j > 1. (3.21) 

Then 

(a) L(q,p) is a positive, semiseparable trace-class operator. Indeed, 

( Ui(q,p)vj(q,p), i<j , 
L ij (q,p) = \ r \ (3.22a) 



for (q,p) £ 5_, while 



Uj(q,p)vi(q,p), i>j, 



( Uj(q,p)vi(q,p), i<j 
La(q,p) = \ W P) WP) J 
{ Ui{q,p)Vj{q,p), 1 > j, 

for (q,p) £ iS+, where 

Ui(q,p) = -j=e? qi y/p~, Vi(q,p) = — e"**^ * ^ L ( 3 - 23 ) 

(b) If f = (/(l),/(2),---) is an eigenvector of L(q,p), then /(l) ^ 0. 

(c) The eigenvalues of L(q,p) are simple and ker(L(q,p)) = {0}. 

(d) If (q,p) evolves under (3.6), then 

i fa , p , = (P<^' n ' £ ^l' { ^^ S - (3.24) 
I i[n«£(«,p)£(«,p)], (g,p)€S + . 
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Proof. We will give the proof for (q,p) G 5_, the arguments for the other case are 
similar. 

(a) It is clear from the definition of L(q,p) that Lij(q,p) is of the form given in 
(3.22a) with Ui(q,p), Vi(q,p) defined in (3.23). Moreover, it follows from the natural 
ordering of the q^s that 

0<^4<^4<..-. (3.25) 
vi{q,P) v 2 {q,p) 

To show that L(q,p) is positive, let us denote by L^ n \q,p) the n x n matrix in 
which L\j\q,p) = L ij (q,p), i,j = !■■■ ,n. Clearly, det(L^(q,p)) = p 1 > 0. For 
n > 1, it follows from [GK] [eqn.(29) on p. 78] that 

' Vi(q,p) v i+1 (q,p) 



det(L (n 1{q,p)) = Ui(g,pK(g,p) Yl dct 



i=i 



Ui(q,p) u i+1 (q,p) 

Uj(q,p) _ Uj-ij^p) 
L J[\ v j(.Q,P) V 3-l{<liP) 



(3.26) 



where we formally set ~^~~] = 0. Hence we conclude from (3.25) that det{L^ n \q, p)) > 
0. Consequently, L(q,p) is positive. Finally, the fact that L(q,p) is trace-class fol- 
lows as we have YlJLi( e ji L (<l,P) e j) = Y^jLiPj < °°- 

(b) Suppose L(q,p)f = A/. Writing this out in terms of components, we have 

«i(?,p)(wi(?,p)/(l) + V2(q,p)ffl + v 3 (q,p)f(S) + •••)= A/(l), 
ui(q,p)v 2 (q,p)f(l) + u 2 (q,p)(v 2 (q,p)f(2) + v 3 (q,p)f(3) + •••) = A/(2), 
ui(q,p)v 3 (q,p)f{l) +u 2 (q,p)v 3 (q,p)f(2) + u 3 (q,p)(v 3 (q,p)f(3) H ) = A/(3), 

(3.27) 

If /(l) = 0, then it follows from the first equation of (3.27) that 

v 2 (q,p)f(2)+v 3 (q,p)f (3) + ■■■=(). 

Substitute this into the second equation of (3.27), we find /(2) = 0. Hence 
-l, 3( ( 7)P)/(3) + • • • = 0. When we substitute this into the third equation of (3.27), we 
obtain /(3) = 0. Proceeding inductively, it is easy to see that / = 0, a contradiction 
to the assumption that / is an eigenvector. 

(c) Suppose there exist independent eigenvectors / and g of L(q,p) corresponding 
to the eigenvalue A. Since /(l), g(l) / 0, we can find Ci,c 2 £ R \ {0} such that 
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ci/(l) + C2<?(l) = 0. But on the other hand, cif + c 2 g is obviously an eigenvector of 
L(q,p), which is impossible as Ci/(l)+c 2 g(l) = 0. To show that ker (L(q,p)) = {0}, 
suppose L(q,p)h = 0. Writing this out in terms of components, we get 

ui{q,P){vi(q,p)h(l) + v 2 (q,p)h(2) + v 3 (q,p)h(3) H ) = 0, 

ui(q,p)v 2 (q,p)h(l) + u 2 (q,p)(v 2 (q,p)h(2) + v 3 {q,p)h(3) H ) = 0, 

ui(q,p)v 3 (q,p)h(l) + u 2 (q,p)v 3 (q,p)h(2) + u 3 (q,p)(v 3 (q,p)h{3) H ) = 0, 

Next, we multiply the second equation of (3.28) by 
equation, this gives 

/ \ , \ ( u 2 {q,p) u 1 (q,p) \ m(g,p) 

vi{q,P)v 2 {q,p) — r r — -h{l) = 0. (3.29 

\v 2 (q,p) V!(q,p)J V!(q,p) 

Thus it follows from (3.29) and (3.25) that h(l) = 0. Clearly, if we proceed induc- 
tively and make use of (3.25), the conclusion is that h = 0, as required, 
(d) See Remark 3.3 (a) below. □ 

Remark 3.3 (a) If we replace 00 by a positive integer N in (3.2), we obtain the 
multipeakon solutions of the CH equation [CH], [BSS] if Pj(t) > for j = 1, • • • , TV. 
In that case, the Lax pair of the Hamiltonian equations for (q, p) G M. 2N with pj > 
for all j was discovered in [CF] in a remarkable calculation. On the other hand, 
in the sector where the q/s satisfy the natural ordering q\ < q 2 < ■ ■ ■ < qN , the 
realization that the Lax equation is just a special case of the Toda flows on N x N 
matrices was pointed out in [RB]. In this regard, the calculation which leads to 
(3.24) is just an extension of the one in [CF]. We should mention, however, that the 
r-matrix in [RB] is not the appropriate one to use from the point of view of Poisson 
geometry. Indeed, it is easy to check that the set of N x N symmetric matrices 
is not even a Poisson submanifold of the Lie-Poisson structure associated with the 
corresponding i?-bracket. 

(b) In the case of the peakons lattice in [RB], the Lax operator is invertible.(This 
also follows from (3.26) above.) In our case, although is not an eigenvalue 
of L(q,p) by Proposition 3.2 (c) above, however, it is in the essential spectrum 
a ess (L(q,p)) (indeed, a ess (L(q,p)) = {0}). Hence L(q,p) is not invertible. 

We close this section with the following result which is a consequence of Propo- 
sition 2.10, Proposition 3.2 and the equation for qj in (3.6). 



(3.28) 

and add it to the first 
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Proposition 3.4. Let (q(t),p(t)) be a solution of (3.6) in the sector S±. Then 

(a) L(q(t),p(t)) — > diag(af , af , • • • ) strongly as t — > oo w/iere af G cr(L(g(0),p(0)) 
and hence lim^oo = 2a^ /or eac/t j G N, 

(b) qj(t) > for each j G N and lim^oo e~ ? 1 9 J (t) _<3fc (t) 1 y/pj (t)p k (t) = whenever 

Remark 3.5 (a) From Proposition 3.4 (b) above, we conclude that the peakons 
are traveling to the right. 

(b) In Sections 4 and 5, we will show that the peakons separate out, i.e., the qjffls 
have the scattering behaviour. However, in contrast to the semi-infinite Toda lattice 
[LI], this does not follow immediately from the long time behaviour of L(q(t),p(t)). 
This is clear from Proposition 3.4 (b) above as lim^oo e _ 3kj(*) _ 9fc(*)l = o, j k 
does not follow automatically from limt_ i . 00 e~^ qj ^~ qk ^^ y/pj(t)pk(t) = 0. Indeed, 
for (q(t),p(t)) G S-, we will show that lim t ^ 00 pj(t) = for all j G N, so even the 
explicit values of the aj 's are of no help in this case in establishing the scattering 
behaviour. 



4. Long time behaviour in the sector S-. 



Let (q(t),p(t)) be the solution of (3.6) with (g(0),p(0)) = (q°,p°) G S- and let 
a(L(q° ,p°))\{0} = In view of Proposition 3.2, we will order the eigenvalues 

as follows: 

< ••• < A 3 < A 2 < Ai. (4.1) 

We will also take the normalized eigenvectors <j>\(t), (/>2(i), • • • of L(q(t),p(t)) to be 
such that <fo;(lj t) > 0, k = 1, 2, ■ ■ ■ . 

Now it follows from the same proposition that L(q(t),p(t)) is one-to-one. Hence 
L(q(t),p(t)) has a left inverse J(q(t),p(t)) which is an unbounded operator defined 
on the dense linear subspace Ran L(q(t),p(t)) of TL. In order to give the formula 
for J (q(t) , p(t)) , set 

e 3 -(t) = e 4fe+i«-%W) ) j £ N . 



(4.2) 



Proposition 4.1. TTie matrix of J(q(t),p(t)) is tridiagonal: 

( ai(t) -6i(t) 
-6i(t) a 2 (t) -&2(t) 



J(q(t),p(t)) 







-62 (t) a 3 (t) 



(4.3) 
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with 

m 2 l-e^e^t) 
aj(t) ~ 



Pj (t) (l- e 2_ l(t) )(i_ e 2 (t)) ' 
bAt) = - 2 r^4W J e N 



(4.4) 



where we formally set eo(t) = 0. 
Moreover, 

fc (i + l,t) ej-Wil - e]{t)) fc (j - i,t) 



ej -(t)- 



2- Wv^y 

/or a// j, feel. 

Proof. To obtain the formula for J (q(t) , p(t)) , we solve L(q(t),p(t))f = g recur- 
sively for /(l), /(2), • • • in terms of the components of g. On the other hand, from 
L{q(t),p{t))4> k {t) = A fc fe (*),wefind J{q{t),p{t))(j) k (t) = ^ fe (t). Since J{q{t),p(t) 
is given by (4.3), we obtain the recurrence relation 

6,(t)0 fc (j + l,t) = -bj-^Mj " M) + ( a,-(t) - ^- ] fc (i,*). (4.6) 



Afc, 

Therefore, the formula in (4.5) follows upon multiplying both sides of (4.6) by 
| yjpj(t)(l — e 2 j{t)) and making use of the formulas in (4.4). □ 

Our next result shows (j>k(l,t) can be solved explicitly. 

Lemma 4.2. For each k G N, 

e-^^V fc (l,0) 

fc (l,t) = r . (4.7) 



(TT =1 e-^(l,0))' 



(4.8) 



Proof Let L(t) = L{q{t),p(t)). Then L(t) evolves under the (-) Toda flow. By 
Theorem 2.9, for any j G N, 

(e 1 ,^(t)) = (ei,o + (t)-V J (0)) 

= ((6_(t)- 1 fe 1 ,e-^ i (°)^(0)) 

_ e-^ A ^(ei,^(0)) 

(M*))n ' 

The assertion therefore follows from (4.8) and the relation Yl'jLi 4^0-^) = 1- ^ 

As the Aj's accumulate at 0, it is a difficult problem to get the asymptotics of 
</>fc(l,t) as t — ► oo from (4.7) above. In the following, we will bypass this difficulty. 
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Theorem 4.3. Let (q(t),p(t)) be the solution of (3.6) with (g(0),p(0)) = (q°,p°) G 

(a,) lim^oo pj (t) = for all j G N, 
f&J lim^oo - g fc (t)| = oo /or all j / fc, 

(c) qj{t) ^ co as t — > oo /or a// j G N, 
(e/,) <Zj(£) = o(i) as i — > oo /or a// j G N. 

Proof. From (4.7), we have 

_ i (At ,_ As)t ^(i,Q) , , 

<MM) ^(i,o) 1 • ; 

for all r, s G N. Therefore, 

^(i,t) _ 4>l(i,t) 

pi(t) 2Er =1 A J ^(i, t) 

1 <Pl(l,t) (4.10) 



< 



2A fc+1 $ +1 (M) 
Cfci e" 



-(Afc — A fc+ i) t 



for each /c > 1 where c^i depends only L(q ,p ). Note that as linit_ i . 00 pi (t) = 
2a i < oo, the above inequality not only gives 

,Hm^M = 0, (4.11) 



but also 



lim fc (l,t) =0. (4.12) 

t— S-OO 



Consequently, we conclude that 



lim Pl (i) = 2 lim VAiJ(M) = (4.13) 

3 = 1 

as the series on the right hand side is uniformly convergent. Now, by using (4.13) 
and the formula for a\(t) in (4.4), we find 

(1 - el(t)) M t) L(t) - f) = ^-Piim - el(t)) ^ 2 m ^ oo _ (4U) 
As a result, it follows from the recurrence relation (4.5) for j = 1 and (4.11) that 

limei(t )%M=0. (4.15) 
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Hence 



lim Cl (t)= lim ( 2 yA fc %M ei (i)%M) =0 (4.16) 



by (4.11), (4.15) and so we can make the following improvement to (4.14): 



Next, we claim that 



pi(t) ( ai(i) - — ) ~ 2 as t -► oo. (4.17) 



P2(*)6i(*)^M~2e?(t) asi^oo. (4.18) 



To see that this is true, use the recurrence relation (4.6) for j = 1 and the formula 
for in (4.4), we find that 

P2(t)6lW ^) " (l-e?(t)) 2 Pi(t)(ai(*)-^)' ( 9) 

Therefore the claim follows from (4.16) and (4.17). Note that in particular, the 
relation in (4.18) implies that 

fc (2,i) > for t sufficiently large. (4.20) 

We next use the recurrence relation (4.6) for j = 1, (4.9) and (4.17) to obtain 

<f> T (2,t) Pl(t)( ai (t) - ±)(f> r {l,t) 



<f> a (2,t) pi(*)(ai(*)-^)^(l,t) 



(4.21) 



^(1,0) 



From this, it follows that 



^(2,t) _ <f>t(2,t) 

. 1 ^(2,t) (1.22) 



J*(t) 2£~A^ 2 (2,0 



2A fc+1 2 fc+1 (2,t) 
Cfcie _(Afc - Afc + l) * asi^oo. 



Consequently, from (4.22) and (4.20), we have 



lim %M = o. (4.23) 
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Therefore, as lim^oo P2 (*) = « 2 < 00 > we a l so obtain from (4.22) that 

lim <£ fe (2,t) =0 (4.24) 

t— >oo 



and so 



lim paW = V A,-$(2, i) = 0. (4.25) 



Hence it follows from the formula for a 2 (t) together with (4.16) and (4.25) that 



(1 - el(t))p 2 (t) [*2(t)-y k 

= 2A fc (l - e\{t)el{t)) -p 2 (t)(l - ej{t))(l - e|(t)) (4.26) 
A fc (l-e?(*)) 

~ 2 as £ — > 00. 

Using the recurrence relation in (4.5) for j = 2, (4.11), (4.16), (4.23) and (4.26), 
we now conclude that 

lime 2 (i)^M=0. (4.27) 
As a consequence of (4.27) and (4.23), we find 

1 

lim e 2 (t) = lim U±X k ^e 2 {t)^\ ' = (4.28) 

and so we can improve (4.26) to 

P2 (t) (a 2 {t) - y^j ~ 2 as t ->■ 00. (4.29) 



We next show 



^WkWxTTTT ~ 2e '^) as t ^ 00. (4.30) 

4>k{o, t) 



To establish this, we make use of the recurrence relation (4.6) for j = 2 and the 
formula for b 2 (t) in (4.4), this yields 



4e|(t) 1 l4 -' ij 

(1 " e| (t)) 2 p 2 (i)(a 2 (t) - - ^(^(t) Jfeg|g " 
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(4.33) 



(7), lim e^ r^r =0, 



from which we obtain the assertion by using (4.18), (4.28) and (4.29). Note that if 
we combine (4.30) with (4.20), we conclude that 

4>k(3,t) > for t sufficiently large. (4.32) 

Now let n > 3 and assume by induction that the following sequence of assertions 
holds for j < n — 1 for each k,r,s € N: 

Mj,t) i (Ar - As)f 0,(1,0) t 

(2) 3 i |?< 5I L l%^ie-^ i ast^oo, 
J Pj (t) 2X k+1( pl +1 (j,t) 

(3) , lim%M = 0, 

(4) 7 lim 0fc(i,t) =0, 

t— S-OO 

(5) , limp J -(t)=0, 

t— >oo 

(6) , (1 - e)(t)) Pj {t) (aj(t) - -^J ~ 2 as t - oo, 
fc (j + l,t) 

(8) j lime,(i) = 0, 

t — »oo 

(9) j p, (t) fa 3 -(i) - -M ~ 2 as t oo, 

(10), p^^^.ffl ^M^L „ 2e fo) asi^oo. 

We shall prove the sequence of assertions holds for j = n. We begin by invoking 
the recurrence relation (4.6) for j = n — 1, this gives 

<f, r (n, t) ( a n-i(t) - r (n - 1, t) - 6 n _ 2 (t)0 r (n - 2, t) 

<^( n ' *) (a n _!(t) - s (n - 1, t) - 6 n _ 2 (t)0 s (n - 2, t) 

_ r (n - ( Q n-i(0 ~ jrj -Pn-i(*) ft n-2(*) t("-M) (4.34) 

" Mn-l,t) pn _ l{t) ( an _ l( , } _ I^^^gi^ 

-l(A r -A s )f 0r(l,O) 
0,(1,0) 

by the induction assumptions (l) n _i, (9) n _i,(10) n _2 and (8) n _2- Thus as before, 
we have 

^#< * / fc( ?'V c » e " (A '- A ' +i)t as ^°° ^ 

p„(i) 2A fc+ i 4>% +1 {n,t) 
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from which it follows that 

lim %M = (4.36) 

since (f>k(n,t) > for t sufficiently large by the induction assumptions. Conse- 
quently, 

lim0 fc (n,t) = O (4.37) 

t— >oo 

and so 

oo 

lim pJt) = lim 2 V A,<^(n, i) = 0. (4.38) 

J=l 

To establish (6) n , we make use of the formula for a n (t) in (4.4), the induction 
assumptions and (4.38), thus 

(1 - e 2 n (t)) Pn (t) (a n (t)- J 



2A fc (l - el_ x {t)el (t)) -p„(t)(l - e^_ 1 (t))(l - (t)) ( 4 .39) 



~ 2 as t — > oo. 



A fc (l-4-iW) 



Therefore, on using the recurrence relation (4.5) for j = n, the induction assump- 
tions (3) n _i, (8) n _i together with (4.36) and (4.39), we obtain 

, ime „( t )MS±M =0 . (4.40) 

Hence 

lime n (t) = lim f 2 £ X k ^§e n{ t)^±^ V = (4.41) 

V VP) vWi(*) / 

by (4.36) and (4.40). Using this result in (4.39), we obtain (9) n . Finally, the asser- 
tion (10) n follows from 

i? n +i(*)M*) 



fc(ra + M) 
Pn+1 (t)b 2 n (t) 



i 

(1 - 4(i)) 2 Pn( t)(a n (t) - ^-^(^^WMgf 
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upon using (9) n , the induction assumptions (8) n _i, (10) n _i and (4.41). This com- 
pletes the proof of the sequence of assertions (1) J -(10) J - by induction. Hence we 
have established parts (a) and (b) of the theorem as the relation lim^oo ej (t) = 
is equivalent to lim t _ >00 (g J - + i(t) — qj(t)) = oo. To prove part (c), we begin with the 
assertion for j = 1. For this case, note that from the equation for pi(t), we have 

P1 (t) = P1 {o)ex P | -- f y2 e ~ {qk{s) ~ qi(s)) Pk( s ) ds 1 ■ ( 4 - 43 ) 

Since lim^oo pi(t) = 0, we conclude from (4.43) that 

f J2 e ~ {qk(s) ~ qi{s)) Pk( s ) ds 00 ast^oo. (4.44) 
Meanwhile, from the equation for qi(t) in (3.6), we find 



?i(t)=9i(0) + - / J2 e ~ lqk{s) ~ qi(s)l P^ ds 
•*° k=i 



>9i(0) + «/ Ve-(*( s '- ?1 ( s » K (s)ds, t>0. 
2 ^ fe#i 



(4.45) 



Therefore, on taking the limit as t tends to infinity in (4.45) and making use of 
(4.44), we conclude that qi(t) — > oo as t — > oo. To show that ^(t) — ► oo as £ — > oo 
for j > 1, note that gj-i(i) > by Proposition 3.4 (b). Since (q(t),p(t)) 6 5_, it 
follows from this property that 

< q,-(t) - ^-i(i) < qj(t) - qj-i(0) for all t > 0. (4.46) 

Hence the assertion follows from (4.46) as we have ]xm t -> 00 (qj(t) — qj-i(t)) = oo. 
To establish part (d), note that by parts (a) and (b) above, and the equation for 
qj(t) in (3.6), we have lim^oo qj(t) = 0. Since qj(t) — > oo as t — > oo, it follows by 
the L'Hopital's rule that 

lim = lim qJt) = 0. (4.47) 

t— »oo t t— s-oo 

Hence qj(t) = o(t) as t — ► oo, as asserted. 

□ 
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Corollary 4.4. If u (x) = \ Y^f=\ e ' x q °^P°j where (q°,p°) G S-, then the solu- 
tion u(x,t) of the CH equation (3.1) with u(x,0) = u (x) is such that 

u(x,t)~Q as t — »■ oo. (4.48) 

Remark 4.5 (a) Theorem 4.3 (a) can also be proved using the method in Section 
5 below. 

(b) From the fact that RanL(q,p) = 7i, it is straightforward to show that the 
equation L(q,p) = ^[L(q,p),HiL(q,p)] implies 

j(q,p) = l;[J(q,p),~tttL(q,p)}. 

However, as L(q,p) is not invertible, it is not possible to express this equation in 
terms of J(q,p) alone. 

(c) From the definition of aj(t) in (4.4) and the proof of Theorem 4.3 above, we see 
that Oj(t) — > oo as t — ► oo. 

5. Long time behaviour in S+ and other sectors. 

Let (q(t),p(t)) be the solution of (3.6) with (g(0),p(0)) = (q°,p°) € S + . Then 
L(t) = L(q(t),p(i)) evolves under the (+) Toda flow with initial condition L(0) = 
L(q ,p ). As in Section 4, we order the eigenvalues of L(q°,p°) in such a way that 
< ■ ■ ■ < A3 < A2 < Ai. Also, we let (f>k(t) be the normalized eigenvector of L(t) 
corresponding to Afc with ^(1, t) > 0, k = 1, 2, • ■ ■ . 

Denote by /\ k TL the k-th. exterior power of 7i, k > 1. (See [LS] and [RS2] for 
more details.) Then the operator L(t) gives rise to the induced derivations 
fe-i 

(L(t)) k = r ® HQ ® I k - x - r : A k H — »• A fe K, fc>l (5.1) 

r=0 

where / r and I k ~ 1 ~ r are the identity operators on A r W and A k ~ 1 ~ r 7i respectively. 
Since ker L(t) = {0}, {<t>k{t)} < kL\ is an orthonormal basis of 7i. Thus 

(t) A • • • A & fc (t) I 1 < h < ■ ■ ■ < i k } (5.2) 

is an orthonormal basis of A k 7i with respect to the natural inner product on A k 7i 
defined by 

(6 A • • • A £ fe , 771 A • • • A r] k ) = detdti,^)). (5.3) 

Moreover, the elements (f)i 1 (t)A- ■ ■ A<j)i k {t) (i\ < ■ ■ ■ < ik) are eigenvectors of (L(t))k 
as we have 

(HtMfait) A • • • A <f> ih {t)) = (A it + • • • + K k )(K{t) A ■ ■ ■ A <f> ih {t)). (5.4) 
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Lemma 5.1. For any increasing sequence 1 < ii < ■ ■ ■ < i\~ of numbers from N, 

(ei A ■ ■ ■ A ejj, <fii 1 (t) A ••• A<f> lk (t)) 2 

e (A n +-+A Ifc )t (ei A • • • A e fc , (0) A • • • A & fc (»)) 2 ( 5 - 5 ) 
" >:,- „ .... e^i+-+^)*(e 1 A ■ ■ ■ A e fc) ^(0) A • • • A <^(0))2 ' 

i^ence 

lim (ei A • • • A e fc , «fe (t) A • • • A ^ (i)) 2 = { ^ (<1 \" ' ' ' * fc) = (1 ' ' ' ' ' *° (5.6) 
t^°o ^ U, otherwise. 

Proof. By Theorem 2.9, if 6±(i) are the solutions of the factorization problem 
e -iti(0) = W ith b+(t) G /C and 6_(t) G £, then 3 -(t) = 6 + (t)"Vi(0) 

for all j. Therefore, 

( ei A ■ ■ ■ A eh, 4>j 1 (t) A ■■■ Acp ]k {t)) 
= (ei A ■ ■ ■ A e fc) (6 + (t)" 1 ) A fc ^ (0) A • • • A ^(0)) 

= (((6_(t)" 1 ) r )A* ei A • • • A e fc , (e* u; W) Afc ^ 1 (0) A • • • A <^(0)) (5-7) 
_ e *(*n+-"+*j fc ) «( ei A-Ae t , ^ (0) A • • • A jfc (0)) 
(&_(*))n ■"(&-(*))** 

for any increasing sequence 1 < ji < ■ ■ ■ < jk- Consequently, upon substituting the 
above expression into 

1 = (ei A • • • A efc, (f>j 1 (t) A ■ ■ ■ A 4>j k (t)) 2 , (5.8) 

i<ji<-<jk 

we obtain 

((M*))u • • • (M*)W 

- £ e (A 31+ ... + A 3fc)t(ei A ■ ■ ■ A efc , (0) A ■ ■ ■ A Jfc (0)) 2 . ( 5 - 9 ) 

i<n<...<j fc 

Hence (5.5) follows from (5.7) and (5.9). The assertion in (5.6) is now seen to be a 
corollary of the fact that 

£ e (A, 1+ -+A Jfc )t (ei A • • • A efc, ^(0) A • • • A <^(0)) 2 
i<ji<-<h (5.10) 
~ e (Al+ '" +Afc) *(ei A ■ ■ ■ A e fc ,^i(0) A ■ ■ ■ A </>fc(0)) 2 as t -> oo. 

□ 
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Theorem 5.2. Let (q(t),p(t)) be the solution of (3.6) with (g(0),p(0)) = (q°,p°) G 
S+. Then 

(a) limt^oo Pj(t) = 2\j for all j G N, 

(b) lim^oo \qj(t) - q k (t)\ = oo for all j / k, 

(c) qj(t) ~ Xjt as t — ► oo for all j G N. 

Proo/. For all A; G N, 

fc 

i=l 

= (ei A ■ ■ ■ A e k , (L(t)) k ei A ■ ■ ■ A e k ) ( 5 - n ) 
Yl (A n +--- + A lfc )( ei A--- Aefc,^^) A--- A^ fc (t)) 2 

l<ii<---<i fc 

where we have used (5.4) and the fact that {^^(t) A • • • <f>i k (t) \ 1 < i\ < ■ ■ ■ < i k } 
is an orthonormal basis of /\ k TL. Taking the limit as t — > oo in (5.11), and using 
Proposition 3.4 (a) and (5.6), we find 

af + ■■■(*+ = Ai + hA fc . (5.12) 

Consequently we have 

at = A fc (5.13) 

for all k and this proves part (a). The assertion in part (b) is now a consequence of 
part (a) and Proposition 3.4 (b). To establish part (c), note that all the terms on 
the right hand side of the equation for <jj(t) in (3.6) tend to zero as t — > oo except 
for the term |pj(t). Hence (jj(t) ~ Xj as t —> oo from which the assertion follows. 
□ 

Corollary 5.3. If u (x) = \ Y^=i e~ |x ~^%° where (g°,p°) G S+, then the solu- 
tion u(x,t) of the CH equation (3.1) with u(x,0) = uo(x) is such that 

oo 

u(x,t) ~ J2 X J e ~ lx ~ Xjtl ast^oo. (5.14) 
j=i 

Remark 5.4 (a) In [DLT1], the authors study the long time behaviour of the Toda 
flows on general bounded symmetric operators in /J". It is in this context that the 
induced derivations of the Lax operator was first introduced. Indeed, the quantity 
corresponding to the one which appears on the second line of (5.11) (with L(t) 
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replaced by the solution of the Toda flow on a general symmetric operator on l 2 ) 
was also considered in Lemma 1, Section 4 of [DLT1]. The difference here is that 
there is no need for us to introduce spectral measures as we can do everything 
explicitly in terms of eigenvalues and eigenvectors. 

(b) The proof of Theorem 5.2 above shows that the long time behaviour of L(t) 
has the sorting property, as in the case of the Toda flow on iV x N Jacobi matrices 
[Mo]. Note that this is not true for the Toda flow on general symmetric operators 
on Z+ [DLT1]. 

(c) In their analysis of the multipeakon solutions in the sector where q± < ■ ■ ■ < 
qN, the authors in [BSS] found that lim t _ i ._ 00 Pj(t) = lim t ^oo PN+i-j (t) for j = 
1, • • • , N. However, from our investigation in Section 4 and in the present section, 
we see that there is no analog of this relation in our case. 

Note that the behaviour in (5.14) is given in a convincing but heuristic discussion 
in [M] with no explicit assumptions on the ordering of the qj's. In view of this, we 
ask if there are other sectors in the phase space besides S + for which this behaviour 
is valid. We give an answer to this question as follows. Let Aut(N) be the group of 
all permutations of N and let 

S = {p = (pi,P2, ■ ■ ■ ) € lf, 2 \Pj > for all j}. (5.15) 

If 7T € Aut(N), p = (pi,P2, • • • ) e and q = (qi,q2, ■ ■ ■ ) G define ir ■ p = 
(P-k(i),Ptv(2), • • • ) and similarly for tt • q. With this notation, we set 

Aut(N) s = {tt g Aut(N) | tt • p g S for all p £ £}. (5.16) 

Clearly, Aut(N)s contains the finite permutations of N, it also contains those 
permutations that satisfy the condition lim^oo ir(j)/j = 1, for example. For 
7r G Aut(N)s, consider the sector 

5+(tt) = {(q,p) G 1+ © l+ 2 | q n{1) > q n{2) > ■ ■ ■ , Pj > for all j}. (5.17) 

Note that for (q,p) G S+(tt), we can rewrite the equations of motion (3.6) in the 
form 

= -^e-l^)-«"<"lp, (fc) 

k=l 

1 

PttO) = ^Pn(j) Yl 8 9n{Qn(j) ~ qir(k))e~ lg * U) ~ q " (k>l Pn(k), (5.18) 
fe=l 

I X 

= H S9n{k - j) e ~ lq ^ j) ~ q ^ k)l Pn{k), j e N 
fc=l 
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as the series on the right hand side of (3.6) are absolutely convergent and rear- 
rangements of such series have the same sum. Therefore, when we compare (5.18) 
with (3.9), we see that the calculation which leads to Proposition 3.2 (d) also gives 
the Lax pair for (5.18). Namely, 

Ln{q,p) = ^[U e L n (q,p)L 7r (q,p)] (5.19) 
I e -2 0)1 ^Pk^PkQ) ) is a positive, semiseparable 

S i,j = l 

trace class operator in I2 with simple eigenvalues < ■ ■ ■ < A3 < A2 < Ai. Hence 
Proposition 5.2 can be applied to (ir • q(t),ir ■ p{t)) and we conclude that for all 

3 GN, 

lim Pj(t) = 2A 7r -i(j), Qj(t) ~ \n-i(j)t as t — > 00. (5.20) 

Consequently the long time asymptotics for u(x,t) is given by (5.14), as before. 

Clearly, similar consideration and Theorem 4.3 can be applied to obtain the long 
time behaviour in sectors of the form 

S_(tt) = {(q,p) e /+ 1^2 I < 9 w( 2) < ■ ■ ■ ,Pj > for all j} (5.21) 

for 7r G Aut(N)s with the following result: 

lim Pj(t) = 0, Qj(t) — > cxd, <?j(i) = o(t) as t — > 00 (5.22) 

for all j e N. Hence (4.48) remains valid for (q°,p°) G S-(ir). 
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